Classical understanding of the outcome of the struggle for existence results in the Darwinian "survival of the fittest". Here we show that the situation may be different, more complex and arguably more interesting. Specifically, we show that different versions of inhomogeneous logistic-like models with a distributed Malthusian parameter imply non-Darwinian "survival of everybody". In contrast, the inhomogeneous logistic equation with distributed carrying capacity shows Darwinian "survival of the fittest". We also consider an inhomogeneous birth-and-death equation and give a simple proof that this equation results in the "survival of the fittest". In addition to this known result, we find an exact limit distribution of the parameters of this equation. We also consider "frequency-dependent" inhomogeneous models and show that although some of these models show Darwinian "survival of the fittest", there is not enough time for selection of the fittest species. We discuss the well-known Gauze's Competitive exclusion principle that states that "Complete competitors cannot coexist". While this principle is often considered as a direct consequence of the Darwinian "survival of the fittest", we show that from the point of view of developed mathematical theory complete competitors can in fact coexist indefinitely.
Gause considered his experiments as experimental proof of an important theoretical result that followed from mathematical models, namely that two species with similar ecology cannot live in the same region. This statement is now well-known in ecology as the "Competitive exclusion principle" or as Gause or Volterra-Gause principle. Hardin (1960) reformulated the "Exclusion principle" in a more aphoristic form: "Complete competitors cannot coexist" (and noticed that every one of the four words is ambiguous).
Later this statement was generalized to the case of community consisting of an arbitrary number of species: "no stable equilibrium is possible if some r species are limited by less than r resources" (Levin 1970) . It was assumed here that the growth rates of species depend linearly on the resources. Recently it was shown (Szilagyi, Zachar and Szathmary, 2013 ) that the principle of competitive exclusion holds for template replicators if resources (nucleotides) affect growth linearly. It is important to notice that the assumption that the growth rates of species are linear functions of resources is crucial; if this assumption is relaxed then coexistence of r species on < resources is possible (perhaps, not with constant densities), see an important paper by Armstrong, McGehee (1980) and references therein.
In an interesting essay Hardin (1960) , citing Gilbert et al. (1952) stated that Gause "draws no general conclusions from his experiments, and moreover, makes no statement which resembles any wording of the hypothesis which has arisen bearing his name". Furthermore, "How curious it is that the principle should be named after a man who did not state it clearly, who misapprehended its relation to theory, and who acknowledged the priority of others!" These statements seem to be incorrect. Indeed, the main focus in the Gause's book was concentrated on an experimental study of the struggle for existence. At the same time, he derived equations for the struggle of existence that "express quantitatively the process of competition between two species for the possession of a certain common place in the microcosm" of the following form (see Eq. (12) in Gause (1934) 3) Neutral theory: evolution of ecological equivalence or niche convergence (Hubbell 2001 (Hubbell , 2006 ).
Additionally, some of the modern theories suggest that the coexistence of species with similar competitive abilities can co-occur in nature as a result of a balancing act between fitness equalizing processes such as tradeoffs and fitness stabilizing processes like the rare species advantage.
One can reasonably ask: if there are so many exclusions from the exclusion principle, then maybe something is wrong either with the ways the principle was tested, or maybe with the principle itself?
An interesting and important point was suggested by Hardin (1960) : "There are many who have supposed that the principle is one that can be proved or disproved by empirical facts, among them Gause himself. Nothing can be farther from the truth... The "truth" of the principle is and can be established only by theory, not being subject to proof or disproof by facts…Indeed, let two non-interbreeding species that seem to have the same ecological characteristics be placed in the same location; if one of species extinguished the other, one says that the principle is proved.
But if the species continue to coexist indefinitely, one may decide that there must be some subtle difference in ecology."
We believe that the "theory" here means the mathematical models of selection and struggle for existence, in accordance with Gause himself. The Gause'principle can be considered as a particular case (or consequence) of the Darwinian "selection of the fittest". Conversely, a common opinion is that the struggle for existence results in the Darwinian "survival of the fittest". In what follows we show that the situation is different and more complex.
We will consider a series of mathematical models to study what kind of selection follows from the models.
But first, let us discuss the Gause's equation (G) . As Gause noticed, with usual α and β, one of the species must eventually disappear and the model shows Darwinian selection of the fittest.
Gause did not explain what the usual values of α and β are. Now one can answer this question completely as the model (G) has been studied at full, see, e.g., (Bazykin 1998 3) if >K, > 1/ , then any species can dominate dependently on initial conditions; 4) if < , < 1/ , then there exists a positive stable equilibrium
The last condition means that the intensity of intra-species competition is less than the intensity of inter-species interactions, and in this case, the species coexist forever. So, depending on the parameters that characterize the niche, either one or both species may survive. The result does not depend on Malthusian growth rates of each species. Hence, the Gause model (G) does not imply the exclusion principle for a large domain of the model parameters (see Fig.1 for a parametric portrait of the model (G)). Let us consider a numerical example that shows the coexistence of both species (domain 4)):
. In this case, the limit equilibrium values are 1 = 0.8163, 2 =0.9184. The dynamics of number of the species is shown in Fig.2 .
Figure 2.
Graphs of 1 ( ) (red) and 2 ( ) (black) as defined in System (G).
Remark, that existence of the 3 rd domain shows perhaps the most striking deviation from the Competitive principle as two species are complete competitors, but each can win. In experiments described in (Park, Lloid, 1995) indeed one of the species was completely eliminated but it was not always the same one. Hardin (1960) suggested the following refinement of the Exclusion principle:
i. if two non-interbreeding populations occupy precisely the same ecological niche,
ii. if they occupy the same geographical territory,
iii. if population A multiplies even a bit faster than population B, then ultimately A will completely displace B, which will become extinct.
However, the exclusion principle even in this form also does not follow from mathematical modeling. Let us consider again the Gause model (G) with = = 1. This simple model (that coincides with the standard Volterra model of competition) satisfies the Hardin conditions if
It is easy to show that neither species becomes extinct; a numerical example is shown in Fig.3 . Before we proceed further and consider models appropriate for studying the exclusion principle and, more generally, the outcomes of natural selection, let us emphasise that natural selection can operate only if the community is composed from many species (at least, initially) or if the evolving population is non-homogeneous. Mathematical frameworks for studying the dynamics of inhomogeneous populations and communities were developed in (Karev 2010a,b) . The simplest conceptual model describing the Darwinian "survival of the fittest" is the inhomogeneous Malthusian model of a population, composed from clones ( , ), where is the Malthusian growth rate per individual in the clone, In what follows we study different models of inhomogeneous populations of "Malthusian" type. These models describe a population composed of individuals with different reproduction rates (Malthusian parameters) a; we refer to the set of all individuals with the given value of parameter a as an a-clone. Let ( , ) be the size of a-clone at the moment t. We assume that the growth rate of each clone depends on the total population size ( ). Dynamics of such a population can be described by the following model:
where ( ) is some function, chosen depending on the specifics of each model. For example, if
is an inhomogeneous Malthusian model (1.1); if ( ) = (1 − ), then (1.2) describes an inhomogeneous logistic model, where each clone grows logistically with a common carrying capacity . Different versions of inhomogeneous logistic equations are considered below in details. We refer to models (1.2) as inhomogeneous density-dependent models (D-models for brevity) as the right hand of the equation is proportional to the clone density ( , ). We will consider also frequency-dependent models (F-models for brevity) that have the form
where ( , ) = ( , )/ ( ) is the frequency of the parameter .
Notice that formally model (1.3) is a special case of (1.2), but in applications it shows some interesting additional properties, see (Karev, 2014) . It was shown in (Kareva, Karev, 2017 ) that many experimental growth curves, including non-standard two-and three-stage growth curves can be understood and described within the frameworks of F-models. In the hyperbolic case, the "most common" replicator (i.e. the replicator with the largest value (0)) becomes dominant, implying "survival of the common".
In the parabolic cases, the ratio between the concentrations remains finite, implying "survival of everybody''.
The last property was, perhaps, the main reason why the models of populations composed from "parabolic" clones attracted attention of many authors. The model is unrealistic at small community density because the growth rate per individual tends to infinity as the density tends to 0. It is the unique mathematical reason why the model shows the "survival of everybody". As for the hyperbolic case, the growth rate per individual and the population size increase indefinitely at a finite time moment. So, the deviations from the Darwinian selection in both cases start when the models become unrealistic.
A possible more realistic explanation of non-linear population growth (1.4) within the frameworks of inhomogeneous frequency-dependent models was suggested in (Karev, 2014) .
Interestingly, it appears to have been underappreciated that a much more realistic model, the inhomogeneous density-dependent logistic equation with distributed Malthusian parameter, also
shows the "survival of everybody". This equation presents a simple conceptual model for Malthusian Struggle for Existence, which accounts for both free exponential growth and for resource limitations:
Here ∈ is the Malthusian reproduction rate, which is assumed to be distributed with initial distribution (0, ), = is the common caring capacity, and is the total population size. Let us cite Gause (1934) In what follows we study different generalizations of "density-dependent" inhomogeneous logistic equation with distributed Malthusian parameter and show that all of them result in "survival of everybody". In contrast, the inhomogeneous logistic equation with distributed carrying capacity shows Darwinian "survival of the fittest". We consider also inhomogeneous birth-and-death equation in the form (1.6) and give a simple proof that this equation results in "survival of the fittest". In addition to this known result, we found an exact limit distribution of the parameters of this equation. We also consider "frequency-dependent" inhomogeneous models and show that although some of these models show Darwinian survival of the fittest, there is not enough time for selection of the fittest species.
Solution to the inhomogeneous logistic equation
Inhomogeneous logistic equation (1.5) with distributed Malthusian parameter a can be solved with the help of HKV method (after hidden keystone variables) (Karev, Kareva 2014), which follows from the Reduction theorem . A simplified version of the method is described in Appendix 1.
We suppose that in equation ( Define the auxiliary keystone variable ( ) by the equation
Define the mgf (moment generating function) ( ) of the initial distribution of the parameter ,
Then the total size of the population is given by the formula
The equation for the auxiliary variable can be now written in a closed form and solved:
The population size solves the logistic-like equation
where
is the current mean value of the parameter .
The current distribution of the parameter is given by the formula
The current mean value of the parameter can be easily computed by the formula
Hence, we have reduced inhomogeneous many-or infinitely-dimensional logistic equation ( 
< 0, hence the equilibrium is stable, as desired.
Example. Let the initial distribution of the Malthusian parameter be exponential,
The following figure shows the solution to this equation as = 1, (0) = 0.1. Let us emphasize a notable property of the inhomogeneous logistic model (1.5) with a distributed
Malthusian parameter: it remains inhomogeneous at any instant and has a non-trivial limit distribution of the parameter at → ∞. Every clone that was present initially will be present in the limit stable state. Therefore, inhomogeneous logistic model illustrates the phenomenon of "survival of everybody" in the population, in contrast to Darwinian "survival of the fittest". The
Exclusive principle does not hold for populations that can be described by this model. The simplest (but not unique) inhomogeneous version of model (3.1) is
Generalized logistic inhomogeneous models with distributed Malthusian parameter
so that
Again, ( , ) is the density of the clone, having intrinsic Malthusian parameter ; the expression Define the keystone variable (the internal time of the population) ( ) by the equation
The total size of the population ( ) and the current distribution ( , ) of the parameter are
given by the formulas (see equations (A1.7) and (A1.9))
where ( ) is the mgf of the initial distribution (0, ).
The equation for ( ) can be written in a closed form:
By this way, the inhomogeneous multi-or infinitely-dimensional logistic equation (3.2) is reduced to a single equation (3.6) for ( ). Now all statistical characteristics of the model (such as the current mean value and variance of the parameter ) can be effectively computed. We can see, that behaviors of ( ) are very similar for all three equations and hence the behaviors of its solutions are also very close due to formula (3.5). The limit value * solves the equation ( ) = 1 and is the same for all generalized logistic equations (3.2) with given caring capacity and given mgf of the initial distribution; * is the single equilibrium of the equation Hence, all clones that were present in the population at the initial time moment will have positive frequency in the limit state of the population. It means "survival of everybody" for all inhomogeneous generalized logistic models (3.1). Hence, the Exclusion principle is not valid for communities, composed from species that grow according to generalized logistic equation (3.2) .
In this and previous sections we have considered inhomogeneous versions of different logisticlike models. It was assumed that the population is composed from logistic-like clones (species)
that grow according to equations (1.5) or (3.2). In all cases, the equations for total population size differ from the original logistic equations, e.g., compare equations (3.1) and (3.3); so the dynamics of its solutions is also different. Let us consider, for example, the standard logistic equation and its inhomogeneous modification, i.e. equations (3.1) and (3.3) as = = = 1.
Let the initial distribution of the parameter a be exponential. Hence, all clones (species) that were present in the population at the initial time moment will present forever in the population. The model shows "survival of everybody" and the Exclusion principle is not valid for communities, composed from species that grow according to frequencydependent model (3.7).
In conclusion of this section let us notice, that it was supposed in logistic-like models studied above that the growth of each clone depended only on total population size ( ). In general, the growth rates of clones may depend also on other population characteristics such as total or average biomass, a territory per individual, etc. These quantities, known also as "regulators" evolve with time providing self-regulation of the system dynamics. As a result, we arrive to "multi-factor" logistic-like models considered in Mathematical Appendix 3. We proved there, that multi-factor models also show "survival of everybody"
Inhomogeneous Gompertz equation
The Gompertz growth curve (Gompertz, 1825) is widely used in cancer modeling, ecological problems, etc., see, e.g., (Kendal, 1985 (Nedorezov, 2015) showed that in some cases the Gompertz curve describes experimental time series even better than the logistic curve.
The Gompertz curve is given by the equation − ) ), where , are positive parameters.
The Gompertz curve can be also written in equivalent form
where , are positive parameters.
The curve (4.1) is a solution to the equation
The generalized Gompertz curve is defined as a solution to the equation 
Logistic equation with distributed carrying capacity
Consider the logistic model of inhomogeneous population assuming that the positive parameter b, the birth rate, is fixed for the whole population but each clone has its own value of carrying capacity C. Dynamics of such a population is described by the equation
where N is the total population size and = 1 is distributed parameter defining the "death rate". We can make some conclusions about asymptotical composition of the population at any initial distribution. According to (5.2), ( ) monotonically increases.
Lemma. lim ( ) = ∞ as → ∞.
Assume that ( ) is bounded, ( Overall, the logistic model with distributed carrying capacity and fixed Malthusian parameter shows
Darwinian "survival of the fittest"; the Exclusion principle is valid for this model. 
Logistic equation with distributed both Malthusian parameter and carrying capacity
We have shown in the previous sections that the outcomes of evolution of populations described by the inhomogeneous logistic equations can be different. Namely, the logistic-type equations with distributed Malthusian parameter show the survival of everybody, while the equations with distributed carrying capacity demonstrate the survival of the fittest (having the largest carrying capacity).
Let us consider now logistic equations where both Malthusian parameter and carrying capacity are distributed; we can write it in the form of birth-and-death equation:
( ; . ) = ( ; , )( − ). Indeed, if ( ) < = for all , then 2 (− ) > 2 (− ) and
Integrating this inequality and accounting that (0) = 0, we have
. Now the statement of Lemma is evident. So, in order to solve problem (6.6), we need to study the equation In case b) = 1.778; the plot of final distribution is shown on the right panel of Figure 9 . 
Dynamics of distributions in inhomogeneous models and the speed of natural selection
In the previous sections we investigated the dynamics of the total size of various inhomogeneous populations and their final composition in terms of the final distribution of the Malthusian parameter. Here, we will focus on the dynamics of the distribution of the Malthusian parameter, which will allow us to trace the effects and outcomes of natural selection in the aforementioned models.
The current pdf of the Malthusian parameter given its initial distribution for models of the Malthusian type (1.2) is given by the general formula (A1.9). The dynamics of the current pdf is determined by the auxiliary keystone variable ( ) (an "internal time" of the population) as defined by Equation (A1.5). In most cases the function ( ) gN is positive, so ( ) qt increases monotonically. A more detailed discussion of the concept of "internal time" within the context of inhomogeneous models can be found in (Karev and Kareva, 2016) ).
Dynamics of ( ) depends on the initial distribution of the Malthusian parameter in accordance to Equation (A1.8). The results reported in s.3 highlight an important role of exponential and truncated exponential initial distributions. Notice that it is unrealistic to assume that the Malthusian parameter may have arbitrary large value even with extremely small probability. By this reason, it is more realistic to assume that the initial distribution of the Malthusian parameter is truncated exponential distribution of the form 
Then the current pdf is defined by the formula (see (A1.9)): Qualitatively, the evolutions of both models are identical up to time change () t q t → .
However, the evolution of F-model (7.5) in real time t is dramatically slower compared to the density-dependent model (7.4).
Let us illustrate the difference in the rate of evolution in D-and F-models. A numerical example is given in Figure 11 , where the initial distribution is truncated exponential with 2 s = on the interval   0,1 . F-model (7.5) at moment t and D-model (7.4) at moment Overall, both models show Darwinian "survival of the fittest" in the sense that asymptotically, the distribution of the Malthusian parameter a in course of time becomes concentrated in an arbitrarily small vicinity of the maximal possible value of the parameter. The difference is that the rate of evolution in F-model (7.5) decelerates dramatically in comparison to the rate of evolution of the density-dependent model (7.4). Practically, it means that frequencydependent population is 'much more polymorphic' than the density-dependent population of the same age; frequency-dependent population tends to a monomorphic state but it takes unrealistic time. The Exclusion principle is valid for these models, but only theoretically. The selection of the fittest species requires unrealistic population size for D-model and unrealistic time for Fmodel.
Inhomogeneous logistic models, as density-dependent (3.2) so frequency-dependent (3.7)
demonstrate non-Darwinian "survival of everybody". The reason for this phenomenon is that the "internal time" ( ) qt for all these models does not increase indefinitely over time, unlike Malthusian-like inhomogeneous models (7.4) and (7.5), but tends to a finite value * that solves the equation Let us emphasize that, similarly to inhomogeneous Malthusian-like models, the evolution of the inhomogeneous frequency-dependent logistic model is much slower than the evolution of the density-dependent logistic model. In Figure 11 , one can see the evolution of the initial exponential truncated distribution in   
Discussion
In this paper we study conceptual mathematical models of natural selection. In order the selection could operate the community or population should be composed from different species or non-identical individuals. So, the models we study are constructed within the frameworks of inhomogeneous density and frequency dependent models. In particular, we consider inhomogeneous versions of classical Malthusian, Gompertzian and different logistic-like models.
We show that the outcomes of natural selection in populations described by these models may be There are no other options for the population models, which possess the internal time.
The Competitive exclusion principle is often considered a direct consequence of the Darwinian "survival of the fittest". A huge literature is devoted to discussion of this principle (known also as the Gause' principle) , that is one of the most important statement in ecology. One of the problem for discussion is: why there are so many different deviations from this principle? We did not discuss in this paper experimental and theoretical aspects of this problem; instead, we concentrated on studying conceptual mathematical models appropriate for modeling of outcomes of natural selection. We have shown that many mathematical models do not confirm the principle in its initial strong form as it was formulated by Gause and Hardin; in contrast, the models show coexistence of many species and even "survival of everybody". So, instead of the statement "Complete competitors cannot coexist" we forced to accept the statement" Complete competitors may coexist", at least, in mathematical models. More of that, even the models that demonstrate the Darwinian selection of the fittest, may explain the visible violation of the Exclusion principle: according to frequency-dependent Malthusian model, the evolution is extremely slow and it takes enormous time in order to select the fittest species.
Mathematical Appendix 1. HKV method and inhomogeneous population models of

Malthusian type
Consider a model of inhomogeneous population
where ( ) is some function of total population size.
Denote ( , ) = ( , )/ ( ); the probability density function (pdf) ( , ) describes the distribution of the parameter along the population at t moment. We suppose that the initial pdf of the Malthusian parameter a, (0, ), is given, and its moment generating function (mgf)
is known.
the expected value of at time t. It is known (Hofbauer, Sigmund, 1998 ) that the population size ) (t N satisfies the equation Hence, accounting (A2.3) we arrive to the equation for unknown mgf:
Its solution is
It is well known that the function 0 ( ) = (1 − ) − at > 0 is the mgf of the Gamma-
It means that the initial distribution of the parameter a in model (A2.2) must be the Gammadistribution with parameters = (0) and = 1/ , i.e. 
Mathematical Appendix 3. Multi-factor logistic-like models
In what follows we assume that the reproduction rates depend on a finite set of regulators of the Overall, we assume that the population dynamics can be described by the following "multifactor" model:
The HKV method for solving of this and more general replicator equations was developed in (Karev, 2010b) . According to this method, let us define formally an auxiliary variable ( ) by the equation
Introduce the functional
where ( ) is an arbitrary function (such that the integral in the right hand of (A3.4) exists). The right hand is always positive, hence ( ) monotonically increases; evidently, it cannot tend to a constant, because in this case / should tends to zero but the right hand of (6.8) increases indefinitely if ( ) tends to a constant. Hence, →∞ ( ) = ∞. 
Newton diagram method
Let us consider the Kolmogorov`type power vector field ( , ) = { ( , ), ( , )} given by system of differential equation: AA with negative direction of the ordinate axis.
Let M be the support containing 1 n  points and Γ be the Newton diagram of vector field (A4.6).
Denote ( , } the truncation of (A4.6) to the edge  ; Z  is the vector field of the form (A4.6), where summation is performed over ( , ) ∈ ≡ ∩ γ. Remark A4.2. Several asymptotics defined by the Theorem may exist simultaneously.
Asymptotics of orbits of system (A4.4)
Let us apply the ND method to analysis of the asymptotic behavior of system (A4.4) The case when ND of system (A4.4) has exactly 2 edges, 1 , 2 , is presented in Figure A4 .1-b.
Here, the edge 1 bounded by vertices 0 , has index 1 = 0 − , and the edge 2 bounded by vertices and has index 2 = − < 1 . Generally, the Newton diagram  can have some more edges. Thus we prove the following statement. 
